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Abstract 

We give sufficient conditions on an operator space E and on a semigroup of operators on a 
von Neumann algebra M to obtain a bounded analytic or a 7?-analytic semigroup (Tt ® Id,E)t^o 
on the vector valued noncommutative L p -space L P (M,E). Moreover, we give applications to the 
H°°(T,e) functional calculus of the generators of these semigroups, generalizing some earlier work 
of M. Junge, C. Le Merdy and Q. Xu. 



1 Introduction 

It is shown in jJMX that whenever (T t )t^o is a noncommutative diffusion semigroup on a von Neumann 
algebra M equipped with a faithful normal state such that each T t satisfies the Rota dilation property, 
then the negative generator of its L p -realization (1 < p < oo) admits a bounded H°° functional 
calculus for some < 9 < ^ where Y,g — {z e C* : | argz < 9} is the open sector of angle 29 around 
the positive real axis (0, +oo). Our first principal result is an extension of this theorem to the vector 
valued case. We provide a different approach using i?-analyticity instead of square functions. 
In order to describe our result, we need several definitions. 

Definition 1.1 Let {M,<p) and (N^ip) be von Neumann algebras equipped with normal faithful states 
4> and ip respectively. A linear map T: M N is called a (</>,?/>)- Markov map if 

(1) T is completely positive 

(2) T is unital 

(3) ijjoT = (j) 

(4) T o erf = erf o T , for all i e R, where (af)t^m. and (o~f)t£wi denote the automorphism groups of 
the states (f> and if) respectively. 

In particular, when (M, <j)) — {N, ip), we say that T is a <j)-Markov map. 

A linear map T: M — >■ N satisfying conditions (I) — (3) above is normal. If, moreover, condition (4) 
is satisfied, then it is known that there exists a unique completely positive, unital map T* : N — > M 
such that 

<P(T*(y)x) = il>{yT{x)), x e M, yeN. 
The next definition is a variation of the one of |AnD| (see also |Ric) and |HaM| ). 
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Definition 1.2 A (ip,ijj)-Markov map T: M — >• N is called QW E P -factorizable if there exist a von 
Neumann algebra P with QWEP equipped with a faithful normal state x, O/nd *-monomorphisms 
Jo - M — > P and J%: N P such that Jq is (4>,x)- Markov and J\ is (ip,x)- Markov, satisfying, 
moreover, T = Jq o J x . We say that T is Hyper-factorizable if the same property is true with a 
hyperfinite von Neumann algebra P. 

Now, we introduce the following definition (compare |HaM[ Definition 4.f] and |Arh[ Property 
4.10]) 

Definition 1.3 Let M be a von Neumann algebra equipped with a normal faithful state ip. Let (T t )t^o 
be a w* -continuous semigroup of (p-Markov maps on M. We say that the semigroup is QWEP- 
dilatable if there exist a von Neumann algebra N with QWEP equipped with a normal faithful state ip, 
a w*-continuous group (Ut)t^a of *- automorphisms of N , a *-monomorphism J: M — > N such that 
each Ut is <p-Markov and J is (</>,?/>)- Markov satisfying 

T t = E o U t o J, t > 0, 

where E = J* : N —> M is the canonical faithful normal conditional expectation preserving the states 
associated with J. 

Let C*(F 00 ) be the full group C*-algebra of the free group Foo. We say that an operator space E is 
locally-C^Foo) if 

d f {E)= sup inf {d cb (F,G) : G C C* (¥«,)} < oo. 

-FC-E, finite dimensional 

All natural examples satisfy df(E) = 1 (see [Pis6, Chapter 21] and |Har| for more information on 
this class of operator spaces) . If M be a von Neumann algebra with QWEP equipped with a normal 
faithful state and if E is locally-C*(F 00 ), then the vector valued non commutative L p -space L P (M, E) 
is well-defined and generalize the classical construction for hyperfinite von Neumann algebras (See 
section 2 for the details). 

For any index set /, we denote by OH(I) the associated operator Hilbert space introduced by G. 
Pisier, see [Pis4j and |Pis6| for more information. Recall that OU MD p is the operator space analogue 
of the Unconditional Martingale Differences (UMD) property of Banach spaces, see section 2 for 
more information. We also use a similar property OU MD' for QWEP von Neumann algebras. The 
definition is given in section 2. Our main result is the following theorem. 

Theorem 1.4 Let M be a von Neumann algebra with QWEP equipped with a normal faithful state. 
Let (T t ) t ^o be a QWEP -dilatable semigroup of QW E P -factorizable maps (resp. Hyper-factorizable 
maps) on M. Suppose 1 < p, q < oo and < a < 1. Let E be a locally-C*(¥ 00 ) operator space 
with df(E) = 1 such that E — (OH (I), i ? ) Q with - = + — for some index set I and for some 
OU M D' - operator space F (resp. some OU M D q - operator space F if any T t is Hyper-factorizable). 
We let —A p be the generator of the strongly continuous semigroup (T t ® IdE)t^o on L P (M, E). Then 
for some < < \, the operator A p has a completely bounded H°°(Sg) functional calculus. 

This result can be used with the noncommutative Poisson semigroup or the q-Ornstein-Uhlenbeck 
semigroup and by example E — OH(I) for any index set /. A version of this result for semigroups of 
Schur multipliers is also given. 

A famous theorem of G. Pisier |Pis2| says that a Banach space X is if-convex (i.e. does not 
contain uniformly ^„'s) if and only if the vectorial Rademacher projection P ® Idx is bounded on the 
Bochner space L 2 (D,,X) where fi is a probability space. In this proof, he showed and used the fact 
that if X is if -convex then any u>*-continuous semigroup (T t )t^o of positive unital selfadjoint Fourier 
multipliers on a locally compact abelian group G induces a bounded analytic semigroup (T t <g) Idx)t^o 
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on the Bochner space L P (G, X) where 1 < p < oo. Moreover, he showed a similar result for general 
w;*-continuous semigroups of positive unital contractions on a measure space if X does not contain, 
for some A > 1, any subspace A-isomorphic to l\. We give noncommutative analogues of these results. 
They are crucial steps in the proof of our Theorem ll.4l 

We say that an operator space E is Oif -convex if the vector valued Schatten space S 2 (E) is 
K -convex. This notion was introduced in |JuP| . Using the preservation of the .fT- convexity under 
complex interpolation (sec [PislJ), it is easy to see that it is equivalent to the if-convexity of the 
Banach space S P (E) for any (all) 1 < p < oo. 

Our second principal result is the following theorem: 

Theorem 1.5 Suppose that G is an amenable discrete group or that G is the free group F„ with n 
generators (1 ^ n ^ oo). Let (T t )t^o be a w* -continuous semigroup of self- adjoint completely positive 
unital Fourier multipliers on the group von Neumann algebra VN(G) preserving the canonical trace. 
Let E be a OK -convex operator space. IfG = ¥ n , we suppose that E is locally-C* (Fqo) with df(E) = 1 . 
Consider 1 < p < oo. Then (T t ® IdE)t^o defines a strongly continuous bounded analytic semigroup 
on the Banach space L P (VN(G),E^J. 

We will show that this result can be used, by exemple, in the case where E is a Schatten space S q or 
a commutative L 9 -space with 1 < q < oo. 

The next theorem is a i?-analytic version of Theorem 11.51 and it is our last principal result. 

Theorem 1.6 Let M be a von Neumann algebra with QWEP equipped with a normal faithful state. 
Let (T t )t^o a w* -continuous semigroup of QW EP-factorizable maps (resp. Hyper-factorizable maps) 
on M . Suppose 1 < p, q < oo and < a < 1. Let E be a locally-C* (F 'oo) operator space with df(E) = 1 
such that E = (OH(I), F) a with | = + ^ for some index set I and for some OU M D' q - operator 
space F (resp. some OU M D q - operator space F if any T t is Hyper-factorizable) . Then (T t ® We)^o 
defines a strongly continuous R-analytic semigroup on the Banach space L P (M,E). 

Finally, we also give a version of these two theorems for semigroups of Schur multipliers. 

The paper is organized as follows. Section 2 gives a brief presentation of vector valued noncom- 
mutative L p -spaces and we introduce some notions which are relevant to our paper. The next section 
3 contains a proof of Theorem 11.51 Section 4 is devoted to prove Theorem 11.61 In section 5, we give 
applications to functional calculus. In particular, we prove Theorem 11.41 Finally, we present some 
natural examples to which the results of this paper can be applied. 

2 Preliminaries 

The readers are referred to [ER] . |Pau) and |Pis6| for details on operator spaces and completely 
bounded maps. 

The theory of vector valued noncommutative L p -spaces was initiated by G. Pisier |IPis5| for the 
case where the underlying von Neumann algebra is hyperfinite and equipped with a faithful normal 
scmifinite trace. Suppose 1 ^ p < oo. For an operator space E and a hyperfinite von Neumann 
algebra M equipped with a faithful normal semifinite trace, we define by complex interpolation 



where £S> m in and (g> denote the injective and the projective tensor product of operator spaces. In [JunlJ 
and | Jun2| . M. Junge extended this theory to the case where the underlying von Neumann algebra 
satisfies QWEP using the following characterization of QWEP von Neumann algebras. It is unknown 
whether every von Neumann algebra has this property. See the survey |Oza) for more information on 
this notion. 
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Proposition 2.1 A von Neumann algebra M is QWEP if and only if there exist a free ultrafilter U 
on an index set L and a normal *-monomorphism 

tt:M^ B(£j) U 

and a normal conditional expectation 

E: B(£ 2 I ) U ->tt(M) 

where B(j?f) U denote the ultrapower of B{£ 2 ) associated withU. 

Note that in general, E is not faithful. 

Now, we introduce the vector valued noncommutative L p -spaces associated to a von Neumann 
algebra with QWEP equipped with a faithful normal senhfinite weight. Let M, a = (tt, E) and I 
be as in Proposition 12.11 Suppose 1 ^ p < oo. Let E be an operator space. The vector valued 
Schatten class S P (E) is defined in (|2.1j) with M — B(£j). Following M. Junge, the vector valued 
noncommutative L p -space L P (M, a, E) is defined as the closure in Sj(E) u of the closed span of 

U W 

-FC-E, finite dimensional 

where F runs over all finite dimensional subspaces of E. 

The definition of L P (M, a, E) depends on the choice of a. However, When E is locally-C*(F 00 ), the 
L P (M, a, Eys are all equivalent allowing the constant df(E) 2 . Thus, we can still say that L P (M, a, E) 
does not depend on the choice of a, and thus we will use the more simpler notation L P (M, E) instead 
of L p (M,a,E). 

Note the following vector valued extension property of completely positive maps between noncom- 
mutative L p -spaces, see |Pis3) and |Jun2| . 

Proposition 2.2 1. Let M and N be hyperfinite von Neumann algebras equipped with normal 
faithful semifinite traces and let E be an operator space. Let T: M N be a trace preserving 
unital normal positive map. Suppose 1 ^ p < oo. Then the operator T ® Id,E extends to a 
bounded operator from L p (M,E) into L p (N,E) and we have 

\\T (glide \\lp(m,e)^-lp(n,e) < \\T\\lp(m)^lp(n)- 

2. Let M and N be von Neumann algebras with QWEP equipped with normal faithful states <f> and 
if) respectively and let E be a locally-C* (¥ oo) operator space. Let T: M — > N be a (cj),tjj)-Markov 
map. Suppose 1 ^ p < oo. Then the operator T ® IdE extends to a bounded operator from 
LP(M,E) into L P (N,E) and we have 

||T® IoIe\\lp(m,e)->-lp(n,e) ^ df{E)\\T\\ LP ( M )_ >LP ^ N y 

Suppose that G is a discrete group. We denote by ec the neutral element of G. We denote by 
\ g : Iq —> £q the unitary operator of left translation by g and VN(G) the von Neumann algebra of G 
spanned by the X g where g £ G. It is an finite algebra with normalized trace given by 

tg(x) = (e ea ,x(s ea ))^ 

where (e 9 ) g6 G is the canonical basis of £ 2 G and x 6 VN(G). Recall that if G is amenable then the von 
Neumann algebra VN(G) is hyperfinite. A Fourier multiplier is a normal linear map T; VN(G) — > 
VN(G) such that there exists a function <p: G — >• C such that for any g £ G we have T(X g ) — f g X g - 
In this case, we denote T by 

M v : VN(G) — ► VN(G) 

X g I > <PgXg. 
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Let M be a von Neumann algebra equipped with a semifinite normal faithful trace r. Suppose 
that T: M — s> M is a normal contraction. We say that T is selfadjoint if for all x, y € M n L 1 (M) we 
have 

r(T(x)y*) = r(x(Ty)*). 

In this case, it is not hard to show that the restriction T\M (~l L 1 (M) extends to a contraction 
T: L (M) — ¥ L (M). By complex interpolation, for any 1 ^ p ^ oo, we obtain a contractive map 
T: L P (M) -> £P(M). Moreover, the operator T: L 2 (M) -> L 2 (M) is selfadjoint. If T: M -» M is 
actually a normal selfadjoint complete contraction, it is easy to see that the map T: L P (M) — > L P (M) 
is completely contractive for any 1 $5 p ^ oo. It is not difficult to show that a contractive Fourier 
multiplier M v : VN(G) — > VN(G) is selfadjoint if and only if <p: G — !> C is a real function. Finally, 
one can prove that a contractive Schur multiplier Ma'- -B(^j) —> B[£j) associated with a matrix A is 
selfadjoint if and only if all entries of A are real. 

Now, we introduce the operator space version of the Banach property XJMD. Let E be an operator 
space and 1 < p < oo. We say that E is OUMD p if there exists a positive constant C such that for 
any positive integer n, any choice of signs Ek = ±1 and any martingale difference sequence C 
L P (M,E) relative to a filtration (Mk)k^i of a hyperfinite von Neumann algebra M we have 



(2.2) 


n 


< c 


n 






fc=l 


Lp(M,E) 


fe=i 


Lp(M,E) 



See |Mus| and |Qiu| for more information on this property. We also need a variant of this property 
for QWEP von Neumann algebras. 

Definition 2.3 Suppose 1 < p < oo. Let E be a locally-C* (Fqo) operator space with df(E) — 1. We 
say that E is OUMD' p if there exists a positive constant C such that for any positive integer n, any 
choice of signs Ek = ±1 and any martingale difference sequence {d,Xk)^—i C L P (M,E) relative to a 
filtration (Mk)k^\ of a QWEP von Neumann algebra M we have the inequality i2.ty) . 

Let 1 < q, r < oo and < 9 < 1 be such that jj = i^ 2 - + If (Eq, E\) is a compatible couple of 
operator spaces, where Eo is OUMD q and E\ is OUMD r , then the complex interpolation operator 
space Eg = (Eo,Ei) a is OU MD p . For any index set / and any 1 < p < oo, the operator Hilbert space 
OH(I) is OUMD p . If E is OUMD p then the Banach space S P (E) is UMD (hence AT-convex). It is 
easy to see that the same properties are valid for OUMD' operator spaces (with the same proofs). 



3 Analyticity 

Let X be a Banach space. A strongly continuous semigroup (T t )t^o is called bounded analytic if there 
exist < 9 < \ and a bounded holomorphic extension 

S e — > B(X) 
z i — > T z . 

See [KW] and |Haa] for more information on this notion. 

We need the following theorem which is a corollary [Pis2 , Lemma 4] of a result of Beurling [BeuJ 
(see also |Fac| ) . 

Theorem 3.1 Let X be a Banach space. Let (T t )t^o a strongly continuous semigroup of contractions 
on X . Suppose that there exists some integer n 1 such that for any t > 

\\(Id x -T t ) n \\ x ^ x <2 n . 

Then the semigroup (T t )t^o is bounded analytic. 



Moreover, we will use the following lemma [Pis2, Lemma 1.5]. 



Lemma 3.2 Let n ^ 1 be an integer. Suppose that X is a real Banach space, such that, for some 
X > 1, X does not contain any subspace X-isomorphic to £„ + x- Then there exists a real number 
< p < 2 such that if P\, . . . , P n is any finite collection of mutually commuting norm one projections 
on X , then 



H (id x -p k ) 



l<k<n 



X^X 



Note that it is known that a complex Banach space contains 's uniformly if and only if the underlying 
real Banach space has the same property. 

Finally, we recall the next result ( |DH( Lemma 1]. 

Lemma 3.3 Let M and N be two von Neumann algebras equipped with faithful normal finite traces, 
and let (xi)i£i € M and (yi)iei G N be families of elements of M and N respectively that have the 
same *-distribution. Then the von Neumann algebras generated respectively by the Xi's and the yi's 
are isomorphic, with a normal * -isomorphism sending Xi on yi and preserving the trace. 



We will use the next result which is a variant of well-known Fell's absorption principle (sec [Pis6, 
Proposition 8.1]). This proposition is a substitute for the trick of G. Pisier [Pis2, Lemma 1.6]. 

Proposition 3.4 Let G be a discrete group and 1 p < oo. Let E be an operator space. If G is 
non-amenable, we suppose that E is locally -C* (F^) with df(E) = 1. For any function a: G — > E 
finitely supported on G, we have 



(3.1) 



E A 

96G 



•i ^g 



X g <g> a{g) 



Lp(®" =1 VN(G),E) 



E X 3 ® "(S) 



Lp(VN(G),E) 



Moreover, for any completely positive unital Fourier multiplier M v : VN(G) — > VN(G) preserving the 
canonical trace and any positive integer n we have 

(3.2) ||M™ ® Id E \\ LP{VN{G) E) ^ LP{VN{G) E) ^ \\M® n O IdE\\ L p(®? =1 VN(G),E)^Lp(®? =1 VN(G),E)- 

Proof : Suppose that m is an integer and that g ri ,... 1 g rm € G. Let T]i,...,r} m G {*, 1} and 
ei, ... , e m € {—1, 1} the associated sign (i.e Ei = — 1 if and only if r/i = *). For any integer n, we have 



-0'H. 



Xa 



We infer that the families (A g ® • • • <g) ^g) geG an d (A s ) geG have the same ^-distribution with respect 

to the von Neumann algebras <3™ = iVN(G) equipped with r G n and VN(G) equipped with tq. We 
conclude by using Lemma T3. 31 and Proposition 12.21 

Now, we prove the second part of the proposition. Using (|3.1[) twice, for any positive integer n and 



(j 



any function a: G — > E finitely supported on G, we have 



(M^Id E )( ^Ag<ga(<?) 



gee 



Lp(VN(G),E) 



VgX g ® a(p) 

96G 



LP(ViV(G),E) 



^ ^A g <g • • • <g A s g> a(ff) 

9£G 



(M v <g • • ■ (gi M v <g iefe) ( ^ A 
■■■®M V ® Id E 
■ ■ ■ <g M v ® Id E 



Lp(®1 =1 VN(G),E) 

■ ■ ® Xg fg a(.g) 



A/ 



A/, 



*eG ' Lp(0™ =1 VN(G),E) 

Lp(®" =1 VN(G),E)->Lp(®™ =1 VN(G),E) 



£ v 

gee 



A g (g a(p) 



LP(i»" =1 VAf(G),B) 



i" (®? =1 VN(G),E)->Lp(®1- =1 VN(G),E) 



^X g <E> a{g) 
gee 



Lp(VN(G),E) 



We deduce 



Proposition 3.5 Let M be a von Neumann with QWEP equipped with a normal semifinite faithful 
weight. Let E be a locally-C* (Fqo) operator space which is OK -convex. Suppose 1 < p < oo. Then 
the Banach space L P (M,E) is K-convex. 

Proof : By definition, the Banach space L P (M,E) is a closed subspace of a ultrapower S P {E) U of 
a vector valued Schatten space S P (E) for some index set /. The Banach space S P (E) is if-convex. 
Hence the Banach space S P (E) is also if-convex. Recall that if-convexity is a super-property jDJTl 
page 261], i.e. passes from a Banach space to all closed subspaces of its ultrapowers. We conclude 
that the Banach space L P (M,E) is isf-convex. ■ 

Now, we are ready to give the proof of Theorem 11.51 
Proof of Theorem \1.5\ : By [Ric], for any t ^ 0, the operator T t — (?±) 2 admits a Rota dilation (see 
[HaM] Definition 5.1] and [TMXl page 124] for a precise definition) 

T t k = QE k ir, k ^ 1 

where Q: M — » VN(G) and tt: VN(G) — > M and where we use a crossed product 

M = r_i(^ 2 ' T ® 2 £ 2 ) x a G 

equipped with its canonical trace. We infer that 

Id L p(yN(G)) — T t = Q{Id L p( M ) - Ei)7T. 

Let n be a positive integer. We deduce that 

(Id LHV N(G)) ~ T t )® n = Q(Ld LHM) - Ei) 8n 7r. 
For any integer 1 ^ j $J n, we let 



n, 



Id 



Lp(M) 



Id 



Lp(M) 



Ei g> Id L , 



(M) 



Id 



Lp(M)- 



Recall that the fermion algebra r_i(^ 2,T (g>2 £ 2 ) is ^-isomorphic to the hyperfinite factor of type Hi. 
Moreover, if G is amenable then by |Con[ Proposition 6.8], M is hyperfinite. If G = F„, by |Arh| 
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Proposition 4.8], the von Neumann algebra M has QWEP. By Proposition 



we deduce that 



the Hj (g> IcIe's are well-defined and form a family of mutually commuting contractive projections on 
L P (M,E). Moreover, we have 

((JdiP(M) - Ei))®" ® Ids = TT (ld L p( M ,E) 



(IT, <8> Jdij) 



Using (|3.2p , Proposition 12.21 and Lemma 



we obtain that 



(ld LP 



(VN(G)) 



■Tt 



Id 



{Id L p(yN{G)) - T t ) 



Lp(VN(G),E)^Lp{VN(G),E) 



Q(Id L p(M) - E] 



•£' p (®r=i v ' Ar (G),s)-s-i p (0r=i^ Ar (G),-E) 

LP(M,E)->LP(M,E) 

I| {ldLP(M,E) - (Tij ® Id B )] 



Lp(M,E)^Lp(M,E) 



We conclude by applying Theorem 13. II ■ 

Now, we pass to general semigroups on QWEP von Neumann algebras. Note that the class of 
operators spaces considered in the following theorem is smaller than the class of Oiif-convex operator 
spaces. 

Theorem 3.6 Let M a von Neumann algebra with QWEP equipped with a normal faithful state. Let 
(Tt)t^o be a w* -continuous semigroup of QWEP-factorizable maps on M . Suppose 1 < p < oo. Let 
E be a locally-C*(¥ oc ) operator space with df(E) — 1 such that S P (E) does not contain, for some 
A > 1, any subspace X-isomorphic to i\. Then (T t <g> IdE)t^sO defines a strongly continuous bounded 
analytic semigroup on the Banach space L P (M,E). 

Proof : Using the fact that each T t is QVF-EP-factorizable and [HaM s Theorem 5.3], it is easy to see 
that each T t admits a Rota dilation 



?Ez,7T, 



k > 1 



where Q: M N and tt : M — > N where N is a QWEP von Neumann algebra. The rest of the proof 
is similar to the one of Theorem 1 1.5 1 The only difference is that we does not use Proposition 13.41 We 
use Lemma l3~2l with n = 1. ■ 



For instance, if S P (E) (where 1 < p < oo) is uniformly convex then for some A > 1, S P (E) does 
not contain any subspace A-isomorphic to l\. 

Suppose 1 < p, q < oo. Note that if an operator space E is OUMD q then the Banach space S q (E) 
is UMD, hence uniformly convex. Now, we can write ~ = i^ 2 - + ~ for some < a < 1 and some 

1 < r < oo. Then we have S P (E) = (S q (E) , S r (E)) q . Now recall that, by [CwR] . if (X ,Xi) is a 
compatible couple of Banach spaces, one of which is uniformly convex, then for any < a < 1 the 
complex interpolation (Xo,Xi) a is also uniformly convex. We deduce that the Banach space S P (E) is 
uniformly convex. Hence, we can use in Theorem 13.61 (and also in Theorem 1 1.5 1) any operator space E 
which is OUMDq for some 1 < q < oo and locally-C*(E oc ) with df(E) — 1. This large class contains 
in particular Schatten spaces S q and commutative L 9 -spaces for any 1 < q < oo, 

Finally, we deal with semigroups of Schur multipliers. Note that the construction of the Rota 
Dilation for Schur multipliers on finite dimensional -B(^j) of |Ric| is actually true for any index set 
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/. Moreover, the von Neumann algebra T e _ 1 (l 2,T ) of [Ric is hyperfinite. Hence, the von Neumann 
algebra 

\nen ) 

of the Rota Dilation of [Ric] is also hyperfmite. Using the above ideas, one can prove the following 
theorem. 

Theorem 3.7 Let (T t )t^o be a w* -continuous semigroup of completely positive unital selfadjoint Schur 
multipliers on B(£ 2 ^J. Suppose 1 < p < oo. Let E be an operator space such that S P (E) does not 
contain, for some A > 1, any subspace X-isomorphic to l\. Then (T t <g> IdE)t^o defines a strongly 
continuous bounded analytic semigroup on the Banach space S P (E). 



4 i?-analyticity 

Let (ek)k^i be a sequence of independent Rademacher variables on some probability space (SI, J 7 , P). 
We let Rad(X) C L 2 (tt,X) be the closure of Spanje^ <S> x : k ^ 1, x G X} in the Bochner space 
L 2 (fl, X). Thus for any finite family x±, . . . , x n in X, we have 



n 






n 


2 \ 


^e k <E)x k 


Rad(X) ^ 


^ In 


^e k (uj) x k 


du 


k—1 




k=l 


x J 



We say that a set F c B(X) is i?-bounded provided that there is a constant C ^ such that for any 
finite families T%, . . . , T„ in F and x\, . . . , x n in X, we have 



71 


$T k (x k ) 


< c 


n 


k=l 




Rad(X) 


fe=i 



In this case, we let R(F) denote the smallest possible C, which is called the i?-bound of F. Note that 
any singleton {T} is automatically i?-bounded with i?({T}) = ||T||x^v- If a set F is i?-boundcd 
then the strong closure of F is i?-bounded (with the same i?-bound). Recall that if if is a Hilbert 
space, a subset F of B(H) is bounded if and only if F is i?-bounded. 

i?-boundedness was introduced in [BeG] and then developed in the fundamental paper |C1P| . We 
refer to the latter paper and to [KW, Section 2] for a detailed presentation. 

The next result is a noncommutative version of the classical result of Bourgain [Bou] which itself 
is a vector valued generalization of a result of Stein |Ste| . 

Proposition 4.1 Let M be a von Neumann algebra with QWEP equipped with a normal faithful 
semifinite weight. Suppose 1 < p < oo. Let E be a OU M D' p - operator space (resp. OU M D p - operator 
space if M is hyperfinite) . Consider a increasing (or decreasing) sequence (E(-|Mi)) igN of (canonical) 
conditional expectations on some von Neumann subalgebras Mi of M . Then the set of conditional 
expectation operators \K(-\Mi) (g> LdE '■ i & N} is R-bounded on L P (M,E). 

Proof : We only prove the decreasing case Mi D M 2 D • • • and the hyperfinite case. The proofs 
of other statements are similar. First suppose that the weight is a finite trace. Let n be a positive 
integer and fix some positive integers ii > i% > • • • > i n - We define the cr-algebra T k — o{e\, . . . , 
k = 1, . . . , n and Fq = 0. We define the family (N m ) 2 £ =1 of von Neumann subalgebras of I/°°(f2) £g> M 
by 

N 2k ^ =L oc (aJ fc _ 1 ,P)®M lt , k = l,...,n 
N 2k =L°°(n,F k ,V)®M ik , k = l,...,n. 
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These subalgebras form an increasing sequence N\ C N 2 C • • • C N 2n . For an element y G L P (L°°(Q)($ 
M,E), we define the martingale (y m )i< Sm ^ 2 « by 

y m = (R(-\N m )®Id E )(y), ro = l,...,2n. 

Let (rf m )i^ m ^2n be the associated martingale difference sequence. Then, by the OU M D p -property of 
E, we have 



fe=i 



LP(L°°(fi)®M,.E) 



2n 



2n 



1=1 



4< 



=1 

2n 



< 



2 d " 



1=1 



LP(L°°(n)<g>M,E) 



Lv(L°°(Q.)®M,E) 



LP(L°°(n)®M,E) 
2n 

- 

m—1 



j2(-ird r , 



LP(L°°{Si)®M,E) 



(here and in the sequel of the proof, we use < to indicate an inequality up to a constant). Now fix 
x\, . . . , x n <E L P (M, E) and put y — J2?=i e l® x l- For this choice of y and any integer 1 < k < n, we 
have 

y 2k _ 1 = (E(-\N 2k _ 1 )^Id E )(y) 

n 

= Y / m-\L a °(^F k _ l7 P)®M lk )®Id E ){e l ®x l ) 
z=i 



= E(e, |L°°(fi, ^fc-i, P)) ® (E(-|M <fc ) ® Jd B ) (*,) 
1=1 
fe-i 

= 5^ej® (E(-|M <Jb )®Jd B )(a:i) 



and similarly for any integer 1 ^ k ^ n we have 



V2k = ® ( E ('l M iJ ® Id E ){xi). 



1=1 



Therefore, for any 1 < k ^ n, we have 



^2fc = J/2fc - J/2fe-l 
fc 

= ® (E(-|MjJ ®/d B )(a;i) - ® (E(-| Afc J ®Jd B ) (an) 



fe-i 



i=i 



fe=i 



e k <g> (E(-|M ifc ) ®Id E )(x k ) 
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and similarly d,2k-i — for any integer 1 ^ k $J n. Finally, we obtain that 



J^Zk® {E{-\M ik )®Id E )(x k ) 



fc=i 



LP(L°°(Q)<g)M,E) 



< 



< 



k=l 
2n 

^ ^ dm 
m—1 



{mN2n)®Id E )(y)\\ LHLOO{mMiE) 
n 



LP(L°°(n)(g>M,E) 



Lp(L°°(Q)®M,E) 



k=l 



Lp(L°°(Q)®M,E) 



By using Khintchine-Kahane inequalities (e.g. [DJT1 page 211]), we conclude that 



J2e k ® (E(-\M ik )®Id B )(x k ) 



k=l 



< 



Rad(LP(M,_E)) 



E 

k=l 



£k ® x k 



Rad(LP(M,E)) 



We deduce the general case of von Neumann algebras equipped with a faithful normal semifinite weight 
by a straightforward application of the well-known reduction method of Haagerup |H JX| . ■ 

Let X be a Banach space. A strongly continuous semigroup (T t )t^a is called i?-analytic if there 
exist < 9 < -| and an holomorphic extension 



z 



B(X) 

T 7 _ 



with R({T(z) : z £ E e }) < oo. See |KW| for more information and for applications to maximal 
regularity. 

The following result is a particular case of |Facl Theorem 6.1]. 

Theorem 4.2 Let (Ti it ) t ^o an d (T2.t)t^o be two consistent semigroups given on an interpolation 
couple (Xi,X2) of K -convex Banach spaces. Suppose < 9 < 1. Assume that (Ti^)t>o * s strongly 
continuous and R-analytic and that R({T2j '■ < t < 1}) < oo. Then there exists a unique strongly 
continuous R-analytic semigroup (T t )t^o on {X\ 1 X2)e which is consistent with {Ti tt )t^o and (T^^tg-o- 

Now, we prove Theorem II .61 
Proof of Theorem \l.b\ : We only prove the Hyper- factorizable case. The QWEP-factorizable case is 
similar. We can identify OH(I) with l 2 (I) completely isometrically. For any i £ /, we set Ei = L 2 {M). 
Fubini's theorem gives us an isometric isomorphism 

L 2 (M,OH(I)) = £ 2 ({E l ,i£ I}). 

Hence the Banach space L 2 (M, OH (I)) is isometric to a Hilbert space. On a Hilbert space, recall 
that any bounded set is i?-bounded. By Theorem 13. 6[ we deduce that (T t ® IdoH(i))t^o defines a 
i?-analytic semigroup on L V {M, OH (I)). 

Let ti, . . . , t n be rational numbers. We take a common denominator: we can write ti = # for some 
integers d, Si, . . . , s n . The operator Ti admits a Rota dilation: 



T? = QE fc 7r, 
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Let X\, . . . , x n G F. Using Proposition 14 . 1 1 and the fact that any singleton is i?-bounded, we obtain 



J^Ei <g> (T u ®Id F )(a 



Rad(LP(M,F) 



^ £ i ® (QE Si 7T (g> Id F )(x 

i=l 
n 

® (E Si tt ® Id F )(xi) 
i?{E fc ® Jdj? : jfe ^ 1} 



Rad(LP(M,_F) 



Rad(Lf(AT,F)) 

® (n®Id F ) 



i=l 



Rad(LP(M, F )) 



i?{E fc ® Jdj? : jfe ^ 1} 



^ £i <8> x,- 



i=l 



Rad(LP(M,_F)) 



By using the strong continuity of the semigroup, We conclude that {T t ®Id F : t ^ 0} is a i?-boundcd 
subset of B (L P {M, i* 1 )). 
Now, we have 



L P (M,E) = (L 2 (M,OH(I)),L q (M,F) S j . 



Furthermore, the operator space F is OUMD p . We deduce that the Banach space S P (F) is UMD, 
hence JT-convex. Thus the operator space F is OX-convex. By Proposition 13.51 we deduce that 
L q {M,F) is if-convex and moreover the Banach space L 2 (M,OH(I)) is obviously K -convex. We 
conclude by using Theorem 14.21 ■ 
By example, we can take E = OH (I) in Theorem ll.6l 



5 Applications to functional calculus 



We start with a little background on sectoriality and H°° functional calculus. We refer to [Haa , [KWJ, 
[JMX] and |LM| for details and complements. A closed, densely defined linear operator A: D(A) C 
X — > X is called sectorial of type u if its spectrum a (A) is included in the closed sector E w , and for 
any angle u) < 8 < tt, there is a positive constant Kg such that 



|(A-A)- 



We recall that sectorial operators of type < ^ coincide with negative generators of bounded analytic 
semigroups. 

For any < 8 < tt, let H°°(Y^g) be the algebra of all bounded analytic functions /: Eg — > C, 
equipped with the supremum norm = sup{|/(z)| : z e Eg}. Let iJ^Eg) C -ff°°(Eg) 

be the subalgebra of bounded analytic functions /: Eg — » C for which there exist s,c > such that 
^ c|z| s (l + |z|)~ 2s for any z £ Eg. Given a sectorial operator A of type < ui < tt, a 
bigger angle u> < 8 < tt, and a function / £ H^°(T,g), one may define a bounded operator f(A) by 
means of a Cauchy integral (see e.g. |Haa[ Section 2.3] or |KW1 Section 9]); the resulting mapping 
H^°(J^g) — > B(X) taking / to f(A) is an algebra homomorphism. By definition, A has a bounded 
H^CEg) functional calculus provided that this homomorphism is bounded, that is, there exists a 
positive constant C such that ||/(A)|| „ „ ^ C||/||#-oo( Se ) for any / £ H^°(T,g). In the case when A 
has a dense range, the latter boundedness condition allows a natural extension of / n- f(A) to the 
full algebra H°°(Eg). 

Suppose 1 < p < 00. In the sequel, we say that an operator A on a vector valued noncommutative 
L p -space L P (M,E) admits a completely bounded H°°(J^g) functional calculus if Idsp <8> A admits a 
bounded H°°(T,g) functional calculus on the Banach space S p (L p (M, E)). 

We will use the following theorem |KW1 Corollary 10.9]: 
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Theorem 5.1 Let (T t )t^o be a strongly continuous semigroup with generator —A on a Banach space. 
If the semigroup has a dilation to a bounded strongly continuous group on a UMD Banach space, then 
A has a bounded H°°(Y>g) functional calculus for some < 9 < tt . 

We also need the particular case of [KaW, Proposition 5.1] which says that the presence of i?-analyticity 
allows to reduce the angle of a bounded H°°(Eg) functional calculus below |. 

Proposition 5.2 Let (T t )t^o be a strongly continuous semigroup with generator —A on a Banach 
space. Suppose that A has a bounded H°°(Hg ) functional calculus for some < 9q < tt. If the 
semigroup (T t )t^o is R-analytic then A has indeed a bounded 7?°°(Se) functional calculus for some 

< 9 < § . 

Now, we give the proof of our main result. 
Proof of Theorem \l.J l \ : By definition, there exists a dilation of the semigroup (T t )t^Q. This dilation 
induces a dilation of the semigroup (T t <8> Id,E)t^o on L P (M,E) to a strongly continuous group of 
isometries on L P (N, E). 

Since the operator Hilbert space OH(I) has OUMD2 and the operator space F have OUMD q , we 
see by interpolation that the operator space E has OUMD p . We infer that the Banach space S P (E) 
is UMD. Hence the Banach space Sj(E) is also UMD for any index set /. Now, the Banach space 
L P (N,E) is a closed subspace of an ultrapower Sj(E) u of a vector valued Schatten space Sj(E) for 
some index set /. We deduce that the Banach space L P (N,E) is UMD. 

By Theorem l5.ll we deduce that A p has a bounded -ff°°(£g) functional calculus for some < 9 < tt. 
By Theorem ll.61 the semigroup (T t (g> Id_E)t^o is -R-analytic on L P (M,E). By Proposition 15.21 these 
two results imply that A p actually admits a bounded if 00 (Eg) functional calculus for some < 9 < 5, 
as expected. 

Finally, it is not hard to check that the above arguments work as well with (Jc?s(f 2 ) ®Tt)t^o in the 
place of (T t )t^o- thus A p actually has a completely bounded functional calculus for some < 9 < ^. 

■ 

Now, we give some natural examples to which the results of this paper can be applied. 

Noncommutative Poisson semigroup. Let n ^ 1 be an integer. Here F„ denotes a free group 
with n generators denoted by g\, . . . ,g n . Any g G F n has a unique decomposition of the form 

9 = 9il 9 % l ■ ■ ■ 9i\ . 

where / ^ is an integer, each ij belongs to {1, . . . , n}, each kj is a non zero integer, and ij =/= ij+i if 

1 ^ j ^ I ~ 1- The case when I = corresponds to the unit element g = eg n . By definition, the length 
of g is defined as 

|ff| = |*i| + --- + |fcj|. 

This is the number of factors in the above decomposition of g. For any nonnegative real number t 0, 
we have a normal unital completely positive selfadjoint map 

T t : VN(F„) — > VN(F„) 
K9) e-'I'lAfo). 

These maps define a w*-semigroup (T t ) t ^o called the noncommutative Poisson semigroup (see [JMXJ 
for more information). In [Arh, remark following Proposition 5.5], it is implicitly said that (T t )t^>o is 
QW E P-di\a,tab\e. Similarly, we can show each T t is QW^E'P-factorizable. 
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g-Ornstein-Uhlenbeck semigroup. We use the notations of |BKS| . Suppose — 1 ^ q < 1. Let H 
be a real Hilbert space and let (at)t^o be a strongly continuous semigroup of contractions on H . For 
any t ^ 0, let T t — T q (cit). Then (T t )^o is a w*-semigroup of normal unital completely positive maps 
preserving the trace on the von Neumann algebra T q (H). 

In the case where at — e~*7jj, the semigroup (T*)^o is the so-called g-Ornstein-Uhlenbeck semi- 
group. 

Using [Ric| . |Nou| and the result |KW] Theorem 10.11] of dilation of strongly continuous semigroups 
of contractions on a Hilbert space it is not hard to see that we obtain examples of QWEP-di\&t&b\e 
semigroups of QU/£ , i- > -factorizable maps. 

We pass to Schur multipliers. 

Theorem 5.3 Let (T t )t^o be a w* -semigroup self-adjoint contractive Schur multipliers on B(£^. 
Suppose 1 < p, q < oo and < 9 < 1. Let E be an operator space such that E = (OH(I),F)q for 
some index set I and for some OUMD q - operator space F such that ~ = + |. We let —A p be the 
generator of the strongly continuous semigroup (T t €3 IdE)t^o 011 S^{E). Then for some < 9 < -| 7 
the operator A p has a bounded H 00 (E #) functional calculus. 

Proof : Arguing as in the proof of |Arh[ Corollary 4.3], we may reduce the general case to the unital 
and completely positive case. The proof for semigroups of unital completely positive Schur multipliers, 
using |Arhl Proposition 5.5], is similar to the one of Theorem 11.41 ■ 

Remark 5.4 The results of this paper lead to properties of some square functions, see 'LM\ section 
7] for more information. 

Acknowledgment. The author would like to express his gratitude to Christian Le Merdy for 
some useful advices. He also thank Hun Hee Lee and Quanhua Xu for some valuable discussions on 
Proposition 12.21 and Eric Ricard for an interesting conversation. 
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